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Notice, to get the full credits, please present your solutions step by step.

Exercise 1: Affine Sets

Affine sets are an important concept in convex optimization theory. Please review the
definition of affine sets from our lecture and answer the following questions.

1. A subspace is a special case of an affine set, where the subspace must contain the
origin, whereas an affine set does not necessarily have to. A good intuitive example is
in R3, where all lines and planes are affine sets, but only those lines and planes that
pass through the origin are subspaces. If we extend the discussion to R™, we find that
the conclusion still holds. Based on this, please show the following statements:

(a) f U C R™ and 0 € U, then U is an affine set if and only if it is a subspace.

(b) If U C R™ is an affine set, there is a unique subspace V' C R" such that U = u+V
for any u € U.

2. In optimization problems, many linear constraints are often involved, and many op-
timization problems are frequently transformed into linear algebra problems. This is
related to the properties of affine sets. Please show the following statements:

(a) Let A € R™*™ and b € R™. The solution set C' = {x : Ax = b} is an affine set.

(b) Any affine set can be represented as the solution set of a system of linear equa-
tions. That is, for any affine set U C R", there exists A € R™*" and b € R™
such that the solution set C' = {x: Ax = b} = U, where m < n.

Hint: just think about how to use some kind of base vectors to represent an
affine set.

Solution: [ |
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Exercise 2: Convex Sets

1. Let C' C R™ be a nonempty convex set. Please show the following statements. Some
operations that preserve convexity.
(a) Both cl C and int C are convex.
(b) The set relint C' is convex.
(c) The intersection ();c; C; of any collection {C; : i € Z} of convex sets is convex.
(d) The set {y € R":y = Ax+a,x € C} is convex, where A € R™*™ and a € R™.
(e) The set {y € R™ : x = By + b, x € C'} is convex, where B € R"*"™ and b € R".

2. Please find the interior and relative interior of the following convex sets (you don’t
need to prove them).

(a) {xeR3:z? +22 < 1,23 =0} C R

(b) {A e S, : Tr(A) =1} C R™™.

(c) {Ae S, :Tr(A) =1} C S™

(d) (Optional) {A € S}, : Tr(A) <1} C R™*™.

Solution: [ |
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Exercise 3: Relative Interior and Interior
Let C C R™ be a nonempty convex set.

1. Let xg € C. Please show the following statements. The point x¢ € relint C' if and
only if there exists r > 0 such that xo + v € C for any v € aff C — x¢ and [|v|2 < 1.

2. (a) Please show that x € relint C if and only if for any y € C, there exists v > 0
such that x +y(x —y) € C.
Hint: the result in Question 1 may be useful.
(b) Please show that if x € relint C, y € cl C, then Ax + (1 — \)y € relint C for
A€ (0,1].
Hint: there exists r > 0, such that B(x,r) Naff C' C relint C. Then consider
the convex hull of (B(x,r)Naff C)U{y}.

3. (Optional) Please show the following statements.

(a) Suppose int C' is nonempty, then int C' = int (cl C).
Hint: notice that relint C' = int C' if int C is nonempty, then apply Ex 3.2(b).
(in fact, the result still holds when C' = {).)

(b) cl(relint C) =cl C.
Hint: you can use Ex 3.2(b).

(c) relint (cl C') = relint C.

Solution: [ |
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Exercise 4: Supporting Hyperplane

1. From the lecture, we know that there exsits supporting hyperplanes at the boundary
point of a convex set. Please solve the following questions.

(a) Express the closed convex set {x € R2 | z1z2 > 1} as an intersection of halfs-
paces.

(b) Let C' = {x € R" | ||x[|cc < 1}, the co-norm unit ball in R", and let X be a point
in the boundary of C'. Identify the supporting hyperplanes of C at X explicitly.
(The oo-norm of a point x € R"™ is defined as maxj<j<y, |;|.)

2. The set of separating hyperplanes: Suppose that C and D are disjoint subsets
of R" (C and D may not be the convex sets). Consider the set of (a,b) € R**! for
which a’x < bfor all x € C, and a’x > b for all x € D. Show that this set is a convex
cone (if there is no hyperplane that separates C' and D, the set becomes {(0,0)} ).
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Exercise 5: Farkas’ Lemma

Let A = (aj, -+ ,a,) € R™*™ and b € R™. Consider a set A = {a;,---,a,}. Its conic hall
cone A is defined as

n
cone A = {Z aa; oy > 0,a; € A}
i=1

1. Please show that cone A is closed and convex.

2. If b € cone A, please show that there exists x € R™ such that Ax = b and x > 0.

3. If b ¢ cone A, use separation theorems to show that there exists y € R™, such that
ATy >0and b’y <0.

4. Now you can prove Farkas’ Lemma: for given A € R™*" and b € R™, one and only
one of the two statements hold:

e IxeR” Ax=Db and x > 0.
e JyeR™ ATy >0and b'y <0.

Solution: [ |
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