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Notice, to get the full credits, please present your solutions step by step.
Exercise 1: Convex Functions

1. (Optional) For each of the following functions, determine whether it is convex.

(a) f(z) =2?logz on Ry, where R, . = {z € R:xz > 0}.

(b) f(z1,22) = z172 on R?.

(c) f(z1,22) =3t on R2 ,, where R? | = {(z1,22) € R? : 21,25 > 0}.
2

(d) f(xl,xQ) = % on R x R++.

() f(z1,22) =afxy “ on R2, where 0 < a < 1.

2. Please show that the following functions are convex.

(a) f(x) =1log> " ,e% on dom f =R", where z; denotes the i component of x.

(b) f(x) = Zle zy;) on dom f = R", where 1 < k < n and ;) denotes the ith
largest component of x.

(¢) The extended-value extension of the indicator function of a convex set C' C R",
i.e.,

fc(x) _ {0, x e C,
oo, x¢C.

(d) The negative entropy, i.e.,
n
f(P) =" pilogp;
i=1

ondom f ={peR":0<p <1,5>7",pi =1}, where p; denotes the ith
component of p.

(e) The spectral norm, i.e.,
FX) = [IXl2 = omax(X)

on dom f = R™*™, where omayx denotes the largest singular value of X.

3. Please show that a continuously differentiable function f is strongly convex with
parameter p > 0 if and only if

) 2 £(x) + (VI(x).y =x) + Elly =x[B. vxy € R"



Homework 4

4. Suppose that f is twice continuously differentiable and strongly convex with parameter
p > 0. Please show that p < Apin(V2f(x)) for any x € R", where Apin(V2£(x)) is
the smallest eigenvalue of V2 f(x).

5. Suppose that f: R™ — R is twice continuously differentiable, and the gradient of f is
Lipschitz continuous, i.e.,

IVIx) =V f(y)lz < Llx =yl2, ¥VxyeR",

where L > 0 is the Lipschitz constant. Please show that Apax(V2f(x)) < L for any
x € R", where Apax(V2f(x)) is the largest eigenvalue of V2 f(x).

6. Consider the problem

min f(x), (1)

where f: R™ — R is continuously differentiable and convex, and dom f is closed.
(a) Please show that the a-sublevel set of f, i.e., Cp = {x € dom f : f(x) < a} is

closed.

(b) Please give an example to show that Problem (1) may be unsolvable even if f is
strictly convex.

(c) Suppose that f can attain its minimum. Please show that the optimal set C =
{y : f(y) = minyx f(x)} is closed and convex. Does this property still hold if
dom f is not closed?

(d) Suppose that f is strongly convex with parameter p > 0. Please show that
Problem (1) admits a unique solution.

Solution: [ |
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Exercise 2: Operations that Preserve Convexity

1. (a) Let f:R™ — (—o00,4o0] be a given convex function, A € R™*™ and b € R™.
Please show that

F(x) = f(Ax+b), xeR"™

is convex.
(b) Let f; : R™ — (—o00,4+00],i = 1,...,m, be given convex functions. Please show
that
m
F(x) =Y wifi(x)
i=1
is convex, where w; > 0,1 =1,...,m.

(c) Let fi : R® — (—o0,400] be given convex functions for ¢ € I, where I is an
arbitrary index set. Please show that the supremum

F(x) = Sup fi(x)

is convex.

2. (Optional) Let A € R™ "™ x5 € R™. The restriction of f : R” — R to the affine set
{Az + x¢|z € R} is defined as the function F': R™ — R with

F(z) = f(Az + xo)

on dom F' = {z|Az + x¢ € dom f}. Suppose f is twice differentiable with a convex
domain.

(a) Show that F' is convex if and only if for all z € dom F, we have
ATV?f(Az+ x0)A = 0.

(b) Suppose B € RP*™ is a matrix whose nullspace is equal to the range of A, i.e.,
AB = 0 and rank(B) = n—rank(A). Show that F'is convex if for all z € dom F,
there exists a A € R such that

V2f(Az +x0)+AB'B = 0.

(Hint: you can use the result as follows. If C € S” and D € RP*" then
x' Cx > 0 for all x € N(D) if there exists a A such that C +AD "D = 0.)

3. (Optional)

(a) Consider the function f(X) = Apax(X), with dom f = S™, where Apax(X) is
the largest eigenvalue of X and S” is the set of n X n real symmetric matrices.
Show that f is a convex function.
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(b) Let f: R™ — R be a convex function, with dom f = R™. Show that it can be
represented as the pointwise supremum of a family of affine functions, i.e.,

f(x) =sup{g(x) : g is affine, g(z) < f(z) for all z € R"}.

4. Suppose that the training set is {(x;, )}, where x; € R? is the i*" data instance
and y; € R is the corresponding label. Recall that Lasso is the regression problem:

1
in — || Xw —y||5+ A
min | Xw —ylz + Allwl,

where X € R™*? with its i row being xiT, w € R%, and \ > 0 is the regularization

parameter. Show that the objective function in the above problem is convex.

Solution: [ |
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Exercise 3: Subdifferentials
1. Calculation of subdifferentials.

(a) Let H C R™ be a hyperplane. The extended-value extension of its indicator
function Iy is

~ 0, x€eH,
In(x) = {oo xd H

Find 0I5 (x).
(b) Let f(x)=exp|x|1, x € R". Find 0f(x).
(c) Let f(z) =max{0,z}, x € R. Find 0f(z).
(d) For x € R", let xf; be the it" largest component of x. Find the subdifferential of

f(x) = me-

(e) Let f(x)= max z;, X € R™. Find 0f(x).

(f) Let f(x) = [|X]lc0, x € R™. Find 0f(x).

(g) Let f(X) = max |Ai|, where X € S™ and Ay,...,\, are the eigenvalues of X.
Find 0f(X).

(h) (Optional) Let

k % n %
f<x>:(zx3) +(zx3) xem,
=1

i=k+1

where 1 <k <n — 1. Find 9f(x).
(i) (Optional) Let f(X) = ||X]||« be the trace norm of X € R™*". Find 9f(X).

Solution: [ |
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Exercise 4: Problems from the Lecture Notes

1. Mean Value Theorem in Vector Functions. The mean value theorem is generally
not holds in vector valued functions. In the proof of Theorem 5 in Lecture 06, we
use some techniques to avoid applying mean value theorem directly on vector valued
functions.

Theorem 5 in Lecture 06. Suppose that f is twice continuously differentiable.
Then, f is convex if and only if dom f is convex and V2f(x) = 0.

In the proof of necessity, we let x; = x +ts,t > 0.

(a) We write down the following formula without proof in class,

0 5 {VF () = VI(). %~ %) = 1V (x) = Vf().5)

1

=3 /Ot(sz(x—i— T8)s, s)dT.

Please show why the second equality holds.

(b) By the mean value theorem, we can find an « € (0,¢) such that

t
/ (V2f(x +78)s,8)dr = t (V2 f(x + as)s,s) .
0
Please explain how we use the mean value theorem in detail.

2. Log-determinant Function. Recall Example 3 in Lecture06, the log-determinant
function f(X) = —logdet X with dom f =S . Let Xo € S}, and V € §". We
define

g9(t) = f (Xo+1tV)
with dom ¢ = {t : Xo+tV e Sﬁ_+}.

(a) Please show that dom g is nonempty.
(b) (Optional) Please find dom g.

3. Subdifferential. Recall the Example 5 in Lecture 07. Let f : S® — R be defined by
F(X) = Anax(X). We want to Find 9f(X).

By eigen-decomposition, a symmetric matrix can be written as X = UAU ", where
UTU =T and A = diag (\1,..., ) with Ay > -+~ > X\, Let U = (uy,...,u,), ie.,
u; is the eigenvector corresponding to A;. We then write f(X) as

F(X) = max{(s, Xs) : [ls]| = 1} = max{(ss", X) : [ls]| = 1}.
Assume that Apax = A1 = -+ = A\, where 1 <r <n. Let U" = (uy,...,u,),

S* := argmax (ss', X)
lIsll=1
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(a) Please show that
S*={v:vespan U, |v]| =1} ={v:v=U"q,q e R",||q|| = 1}.
(b) Please find % (ss”, X), then show that
Jf(X) = conv {VVT [V E S*} = {UTG(U’")—r :G =0, trace G = 1}.

(¢) Suppose n = 3, please find 0f(X) at X = diag(2,4,4) and X = diag(1,2,4).

Solution:
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