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Notice, to get the full credits, please present your solutions step by step.

Exercise 1: Convex Sets

Let C ⊂ Rn be a nonempty convex set. Please show the following statements.

1. Please find the interior and relative interior of the following convex sets (you don’t
need to prove them).

(a) {x ∈ R3 : x21 + x22 < 1, x3 = 0} ⊂ R3.
(b) {A ∈ Sn

++ : Tr(A) = 1} ⊂ Rn×n.
(c) {A ∈ Sn

++ : Tr(A) = 1} ⊂ Sn.
(d) (Optional) {A ∈ Sn

++ : Tr(A) ≤ 1} ⊂ Rn×n.
(e) conv ({x, x2, x3}) ⊂ C[0, 1] with L∞ norm, i.e., ∥f∥∞ = maxx∈[0,1] |f(x)| for any

f ∈ C[0, 1].

2. Some operations that preserve convexity.

(a) Both cl C and int C are convex.
(b) The set relint C is convex.
(c) The intersection

⋂
i∈I Ci of any collection {Ci : i ∈ I} of convex sets is convex.

(d) If C1 and C2 are convex sets in Rn, then the set

C1 − C2 = {x ∈ Rn : x = x1 − x2,x1 ∈ C1,x2 ∈ C2}

is convex.
(e) The set {y ∈ Rm : y = Ax+ a,x ∈ C} is convex, where A ∈ Rm×n and a ∈ Rm.
(f) The set {y ∈ Rm : x = By+ b,x ∈ C} is convex, where B ∈ Rn×m and b ∈ Rn.

Solution: ■
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Exercise 2: Affine Sets

Please show the following statements about affine sets.

1. If U ⊂ Rn and 0 ∈ U , then U is an affine set if and only if it is a subspace.

2. If U ⊂ Rn is an affine set, there is a unique subspace V ⊂ Rn such that U = u + V
for any u ∈ U .

3. Let U = aff({(1, 0, 0)⊤, (0, 1, 0)⊤, (0, 0, 1)⊤}). Please find two vectors v1 and vv2 such
that we can represent any vectors v ∈ U in the form of v = (1, 0, 0)⊤ + α1v1 + α2v2

uniquely, where α1 and α2 are two real numbers depending on v. Furthermore, given
a point x0 ∈ U , find two vectors w1 and w2 such that we can represent any vectors
w ∈ U in the form of w = x0 + α1w1 + α2w2 uniquely.

Solution: ■
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Exercise 3: Convex Hull and Affine Hull (Optional)

Let A be a subset of Rn.

1. (a) Please show that the convex hull of A is the smallest convex set containing A,
i.e., all the convex sets containing A also contain conv A.

(b) Please find the convex hull of the following sets.
i. {A ∈ Sn

++ : Tr(A) = 1} ∪ {A ∈ Sn
++ : Tr(A) ≥ 2} ⊂ Rn×n.

ii. {f ∈ C[0, 1] : ∥f∥∞ = 1} ∪ {f ∈ C[0, 1] : ∥f∥∞ = 2} ⊂ C[0, 1].

2. (a) Please show that the affine hull of A is the smallest affine set containing A, i.e.,
all the affine sets containing A also contain affA.

(b) Please find the affine hull of the following sets.
i. {A ∈ Sn

++ : Tr(A) = 1} ⊂ Rn×n.
ii. {A ∈ Sn

++ : Tr(A) = 1} ∪ {A ∈ Sn
++ : Tr(A) ≥ 2} ⊂ Rn×n.

Solution: ■
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Exercise 4: Relative Interior and Interior

Let C ⊂ Rn be a nonempty convex set.

1. Let x0 ∈ C. Please show the following statements.

(a) The point x0 ∈ relint C if and only if there exists r > 0 such that x0 + rv ∈ C
for any v ∈ affC − x0 and ∥v∥2 ≤ 1.

(b) Let {vi}mi=1 be a basis of affC − x0. Then x0 ∈ relint C if and only if there
exists r > 0 such that x0 + r

∑
i αivi ∈ C for any {αi}mi=1 with

∑
i α

2
i ≤ 1.

2. (a) We let x0 ∈ int C, x1 ∈ bd C and x2 = λ(x1 − x0) + x0.
i. Please show that if λ > 1, then x2 /∈ C.
ii. Please show that if λ ∈ (0, 1), then x2 ∈ int C.

(b) i. Please show that x ∈ relint C if and only if for any y ∈ C, there exists
γ > 0 such that x+ γ(x− y) ∈ C.

ii. Please show that if x ∈ relint C, y ∈ cl C, then λx + (1 − λ)y ∈ relint C
for λ ∈ (0, 1].

3. (a) Please show the following statements.
i. Suppose int C is nonempty, then int C = int (cl C) (in fact, the result still

holds when C = ∅).
ii. cl (relint C) = cl C.
iii. relint (cl C) = relint C.
[Hint: if C contains more than one point, then relint C is nonempty. You may
also use the results in Question 2.]

(b) Using the results in Question 3(a), please prove the following statement.
For a convex set C ⊂ Rn and x0 ∈ bd C, we can find a sequence {xk} ⊂ Rn\cl C
such that xk → x0 as k → ∞.

Solution: ■
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Exercise 5: Relative Boundary

The relative boundary of a set S ⊂ Rn is defined as relbd S = cl S \relint S. Please show
the following statements or give counter-examples.

1. For a set S ⊂ Rn, relbd S ⊂ bd S.

2. For a set S ⊂ Rn, relbd S = bd S.

3. For a set S ⊂ Rn, relbd S = relbd cl S.

4. (Optional) For a convex set C ⊂ Rn, relbd C = relbd cl C.

5. For a set S ⊂ Rn and x0 ∈ cl S, we can find a sequence {xk} ⊂ Rn \ cl S such that
xk → x0 as k → ∞.

Solution: ■
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Exercise 6: Minkowski Summation of Sets (Optional)

The Minkowski sum of two sets S1 and S2 is defined by

S1 + S2 = {x+ y : x ∈ S1,y ∈ S2}.

1. Let S1 = {x ∈ R2 : ∥x∥2 ≤ 1} and S2 = {x ∈ R2 : ∥x∥∞ ≤ 1}.

(a) Please draw the set S1 + S2.
(b) How do you tell if a point x is in the set S1 + S2?

2. Recall that Rn can be decomposed as Rn = S⊕S⊥, i.e., Rn = S+S⊥ and S∩S⊥ = ∅,
where S ⊂ Rn is a subspace and S⊥ = {x ∈ Rn : x ⊥ S}. Let C ⊂ Rn be a convex
set. Define Ĉ = C + (affC − x0)

⊥. Please show that:

(a) dim(aff Ĉ) = n;
(b) relint C + (affC − x0)

⊥ = relint Ĉ;
(c) relbd C + (affC − x0)

⊥ = relbd Ĉ.

Solution: ■
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Exercise 7: Convex Sets and Linear Functions

Let C ⊂ Rn be a convex set and l(x) = ⟨a,x⟩ be a linear function on Rn. The linear
function is nontrivial if a ̸= 0. Suppose x0 ∈ C and denote

BC(x0, r) = B(x0, r) ∩ affC.

Please show the following statements.

1. If l(x) = α, ∀x ∈ BC(x0, r), then l(x) = α, ∀x ∈ C.

2. The linear function l(x) = α, ∀x ∈ BC(x0, r) for some constant α if and only if
a ⊥ (affC − x0).

3. The linear function l(x) = ⟨a,x⟩ is not constant if and only if Π(affC−x0)(a) ̸= 0,
where Π means the projection.

4. If relbd C ̸= ∅, then there exists a nontrivial linear function l, and a constant α such
that l(x) ≤ α for ∀x ∈ C.

Solution: ■
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Exercise 8: Separation Theorems

Let C1, C2, C ⊂ Rn be convex sets. Please show the following statements.

1. If C1 is compact, C2 is closed and C1 ∩ C2 = ∅, then C1 and C2 can be strongly
separated.

2. (Optional) The sets C1 and C2 can be properly separated if and only if relint C1 ∩
relint C2 = ∅.

3. If dim(affC) = n and x ∈ Rn \ C, then x and C can be properly separated.

Solution: ■
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Exercise 9: Farkas’ Lemma

Let A = (a1, · · · ,an) ∈ Rm×n and b ∈ Rm. Consider a set A = {a1, · · · ,an}. Its conic hall
coneA is defined as

coneA = {
n∑

i=1

αiai : αi ≥ 0,ai ∈ A}.

1. Please show that coneA is closed and convex.

2. If b ∈ coneA, please show that there exists x ∈ Rn such that Ax = b and x ≥ 0.

3. If b /∈ coneA, use separation theorems to show that there exists y ∈ Rm, such that
A⊤y ≥ 0 and b⊤y < 0.

4. Now you can prove Farkas’ Lemma: for given A ∈ Rm×n and b ∈ Rm, one and only
one of the two statements hold:

• ∃x ∈ Rn, Ax = b and x ≥ 0.
• ∃y ∈ Rm, A⊤y ≥ 0 and b⊤y < 0.

Solution: ■
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Exercise 10: Projection to a Polytope

Hint: you may want to read [1, 2].

1. Let C be a nonempty closed convex subset of Rn. Please show the following state-
ments.

(a) The projection operator on C, i.e., PC , is continuous and firmly nonexpansive.
In other words, for any w1,w2 ∈ Rn, we have

∥PC (w1)− PC (w2)∥22 + ∥(Id−PC) (w1)− (Id−PC) (w2)∥22 ≤ ∥w1 −w2∥22 ,

where Id is the identity operator.
(b) For a point w ∈ Rn, let w(t) = PC(w) + t (w − PC(w)). Then, the projection

of the point w(t) is PC(w) for all t ≥ 0, i.e.,

PC(w(t)) = PC(w), ∀t ≥ 0.

2. Let y be an N -dimensional vector ,{x1, · · · ,xp} be N -dimension non-zero vectors and
λ ≥ 0 is a regularization parameter. Consider the following optimization problem:

min
θ

{∥∥∥θ − y

λ

∥∥∥2
2
:
∣∣xT

i θ
∣∣ ≤ 1, i = 1, 2, . . . , p

}
. (1)

For notational convenience, we denote the optimal solution of (1) by θ∗(λ).

(a) We let the feasible set of (1) be F . Please give an interpretation of the geometry
of F (you don’t need to prove it). Then give a close form of the optimal solution
θ∗(λ) in the form of projection.

(b) Let λ, λ0 > 0 be two regularization parameters. Please show that

θ∗(λ) ∈ B

(
θ∗ (λ0) ,

∣∣∣∣ 1λ − 1

λ0

∣∣∣∣ ∥y∥2) .

(c) Let λ, λ0 > 0 be two regularization parameters. Please show that

θ∗(λ) ∈ B

(
θ∗ (λ0) +

1

2

(
1

λ
− 1

λ0

)
y,

1

2

∣∣∣∣ 1λ − 1

λ0

∣∣∣∣ ∥y∥2) .

(You may use the result in Question 1(a).)
(d) Suppose that PF (

y
λ0
) ̸= θ∗ (λ0). For any λ ∈ (0, λ0], let us define

v1 (λ0) =
y

λ0
− θ∗ (λ0) ,

v2 (λ, λ0) =
y

λ
− θ∗ (λ0) ,

v⊥
2 (λ, λ0) = v2 (λ, λ0)−

⟨v1 (λ0) ,v2 (λ, λ0)⟩
∥v1 (λ0)∥22

v1 (λ0) .
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Then, the dual optimal solution θ∗(λ) can be estimated as follows:

θ∗(λ) ∈ B
(
θ∗ (λ0) ,

∥∥∥v⊥
2 (λ, λ0)

∥∥∥
2

)
⊆ B

(
θ∗ (λ0) ,

∣∣∣∣ 1λ − 1

λ0

∣∣∣∣ ∥y∥2)
(You may use the result in Question 1(b).)

Solution: ■
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