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An optimization problem is convex if both its objective function and problem domain
are convex. We have seen convex sets last lecture. In this lecture, we will first study convex
functions, and then we give a general formulation of convex optimization problems. The
major reference of this lecture is [1, 2].

1 Convex Functions

1.1 Definition

Definition 1. A function f: D — R with D C R" is convex if D—that is, the domain of
f denoted by dom f—is a convex set, and if for all z,y € dom f, and 6 € [0, 1], we have

fOx+ (1 —=0)y) <0f(x)+ (1—0)f(y). (1)

(v, f(y))

(2, f(x))

Figure 1: Convex function.

Remark 1. Notice that, in Definition 1, we do not ask the continuity of f.
Question 1. What about the continuity of convex functions?
Definition 2. We have several variants of convexity.

e A function f is strictly convez if strict inequality in Eq. (1) holds whenever x # y
and 0 € (0,1).

e A function f is strongly convex with parameter p > 0 if f — %Hx”% is convex.

e A function f is concave if —f is convex, strictly concave if —f is strictly concave,
and strongly concave if — f is strongly convex.

Example 1. We give a few commonly seen examples of convex functions.
1. Affine function: f(z) =a'x +b, where a # 0 and b € R,
2. Norms. Every norm on R”.

3. Negative entropy: f(z) = zlogz is convex on R, .
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1.2 First-order conditions

Theorem 1. Suppose that f is continuously differentiable. Then, f is convez if and only
if dom f is convexr and

f(y) 2f(a:)—i—<Vf(m),y—x),Vx,y€dom f

Proof. = The convexity of f implies that, V8 € (0, 1), we have

flx+0(y—=)) < f(x) +0(f(y) — f(x)).
This leads to

a0 —a) - f)
F) = £(z) = Tim -

= (Vf(x),y — x).
< Let z = 0z + (1 — 0)y. Then,

(@) 2 f(2) +(V(2),2 = 2), fly) = F(2) +(Vf(2),y—2).

Multiplying the first inequality by 6, the second by 1 — 6, and adding them together
lead to the desired result. O

Theorem 2. Suppose that f is continuously differentiable. Then, f is convex if and only
if dom f is convex and

(Vf(x) =Vf{y),z—y) >0
Proof. = The convexity of f implies that
f) = fl@) + (Vi(@),y—=), f@)=[fy)+(VIfy),z-y).

Adding them together leads to desired result.
< Let 2y = z + t(y — x). Then,

1
f(y) =f () + /0 (Vi +tly — ),y — 2)dt

11
=)+ (V@)y=a)+ [ V() = V(). = a
> (@) + (V@) y )

1.3 Second-order conditions

Theorem 3. Suppose that [ is twice continuously differentiable. Then, f is convex if and
only if dom f is convexr and V2f(x) = 0.

Proof. = Let x; = x +ts, t > 0. Then,

0< (V) ~ V@) — ) = V() = V@), ) 2

1

t
— t/o <V2f(x—|—7's)s,s>d7'.
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By the mean value theorem, we can find an « € (0,¢) such that

t
/ (V2f(x+78)s,8)dT = t(V2f(x + as)s, s). (3)
0
Plugging Eq. (3) into the inequality in (2) leads to
0 < (V2f(z + as)s, s).
As the above inequality holds for any ¢t > 0 and « € (0,t), we have
0 < (VZf(x)s,s)

by letting ¢ | 0. We further note that s is an arbitrary vector. Thus, the Hessian V2 f(z)
must be positive semi-definite, i.e., V2f(z) = 0.
< Let g(t) = f(x +ts). Then, ¢’(0) = (Vf(x), s) and ¢g"(0) = (V2f(x)s, s).

o) =00)+ [ gt =)+ [ [¢0)+ [ o'rrar]a

00 +d0+ [ | [ gerar] a
>9(0) + (0

1.4 Extended-value extensions

Definition 3. If f is convex, we define its extended-value extension f: R™ — RU {o0} by

= ) f(x), z€dom f,
f) = {oo, x ¢ dom f.

Example 2. Let C CR" be a convex set. Its indicator function Io : C' — R is zero for all
x € C. The extended-value extension of I is

~ 0, ze€d(,
fc(l’):{oo v éC

Remark 2. The inequality in (1) holds for I¢ for all z,y € R™.

1.5 Epigraph

Definition 4 (Sublevel sets). The a-sublevel set of a function f : R™ — R is defined as
Co={z €dom f: f(z) < a}.

Proposition 1. Sublevel sets of a convex function are convex, for any value of «.

Definition 5. The graph of a function f : R” — R is defined as

{(z, f(x)) : € dom f},

which is a subset of R**+1,
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Definition 6. The epigraph of a function f : R™ — R is defined as

f={(z,1) :w € dom [, f(x) < t},
which is a subset of R"*1,

Epi means above, and thus epigraph means above the graph.
Proposition 2. A function is convez if and only of its epigraph is a convex set.

Proof. = Suppose that f is convex, and (z,t) and (y,s) belong to f (of course, z,y €
dom f). To show that f is convex, it suffices to show that the line segment joining (x,t)
and (y, s) belongs to f, which is equivalent to

fOx+(1—-0)y) <6t+(1—6)s, V8 e 0,1].
This can be seen easily from the convexity of f:
F(O0z + (1= 0)y) < 0F(x) + (1 - 0)f(y) < 0t + (1 — 0)s,

as f(z) < tand f(y) < s by the definition of epigraph.
< Suppose that f is convex. Consider (z,f(z)) and (y, f(y)). Clearly, we have

(z, f(x)),(y, f(y)) € f. As f is convex, the line segment joining (z, f(x)) and (y, f(y))
belongs to f, i.e.,

(O + (1= 0)y,0f(x) + (1 -0)f(y)) € -

The convexity of f follows immediately by the definition of f. O

2 Operations that Preserve Convexity

Proposition 3. Let f : R™ — (—o0, 0] be a given function, let A € R™*"™ and b € R™,
and let

F(z) = f(Az +b), x € R".
If f is convex, then F is also conver.

Proposition 4. Let f; : R" — (—o0,00], ¢ = 1,...,m, be given functions, let wy,...,wpy
be positive salars, and

F(z) =wifi(z) + -+ wpfm(z), v € R™.
If f1,..., fm are convex, then F is also convex.

Proposition 5. Let f; : R™ — (—o0, 0] be given functions fori € I, where I is an arbitrary
index set, and

f(x) = sup fi(x).

icl

If fi, 1 € I, are convex, then f is also convex.
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3 Basic Terminology

We consider the problem as follows.

min f(x) (4)
X
st.gi(x) <0,i=1,...,m,

hi(x)=0,i=1,...,p,

xe X,

where f :R" - R, g; :R" >R, i=1,....m, h; : R*" >R, ¢=1,...,p, and X C R". To
simplify notations, let g : R®™ — R™ be a vector function whose i component is g;, and

h : R® — RP be a vector function whose i** component is h;. Then, the problem in (4)
becomes
min f(x) (5)
X
s.t.g(x) <0,
h(x) =0,
x € X.

We call the problem in (5) as the primal problem.
Definition 7.
e The feasible set is
D={x:g(x) <0,h(x)=0,x€ X}. (6)
e Each element in D is called a feasible solution.

e The optimal function value is defined by

Jr = inf f(). (7)

xeD

Assumption 1. Feasibility and Boundedness The feasible set is nonempty and the
objective function is bounded from below, that is,

—o0o < f :}irelg f(x) < 0.

Definition 8. We say x* is an optimal point, or solves the problem (5), if x* is feasible and
f(x*) = f*. The set of all optimal points is the optimal set, denoted by

X*={x":x"eD, f(x*)=f"}.
Remark 3.

e If problem (5) has an optimal solution, we say the optimal value is attained or achieved,
and the problem is solvable. Otherwise (X* is empty), we say the optimal value is not
attained or not achieved.
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o A feasible point x with f(x) < f*+¢€ (e > 0) is called e-suboptimal, and the set of all
e-suboptimal points is called e-suboptimal set for the problem (5).

Definition 9. Consider the problem (5). Suppose that the functions f, g;, i = 1,...,m are
convex, h;, i =1,...,p are affine, and the set X is convex. Then, we say that the problem
(5) is a convex optimization problem.

Remark 4. A general convex optimization problem takes the form of
min f(x)
X

s.t.x € dom f,
xe X,

where f is convex and the feasible set
D=dom fNnX

is convex. Throughout this lecture, we assume that D is nonempty.

4 The Optimal Set

Proposition 6. Suppose that the problem (5) is a convex optimization problem and solvable.
Then, the optimal set X* is convexz.

Proof. If there is only one point in X*, we can see that X* is clearly convex. Thus, we
consider the cases where there are multiple points in X*.

Suppose that x,y € X* and x #y. As X* C D, the line segment connecting x and y
belongs to the feasible set D as well. Let 6§ € (0,1). Then,

fr<flOx+(1-0)y) <0f(x)+(1-0)f(y)=f"
which implies that
Jr=r0x+(1-0)y).

Thus, the points on the segment joining x and y belong to X™*, and thus X™ is convex. This
completes the proof. O

Definition 10. A feasible point x is locally optimal if there is a § > 0 such that
f(x) =inf{f(z) : x € D, ||z — x|| < d}.

Proposition 7. Suppose that the problem (5) is a convex optimization problem and solvable.
Then, if x is a local optimum, it is also a global optimum.

Proof. Let y € D be an arbitrary feasible point other than x. Thus, to show that the claim
holds, it suffices to show that,

f(x) < fly) (8)
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As x is a local optimum, we can find a § > 0 such that
f(x)< f(z),Vze DNB:={z: |z —x| < d}.

Clearly, if y € B, the inequality (8) holds. Thus, we only need to consider the case where
y ¢ B, i.e.,
ly —x[| = 6.

Due to the convexity of D, all the points on the line segment ¢ joining x and y belong
to D. Let

o

g=1--— >
2]y — ||

and

zo =0x+ (1 —0)y.

We can see that zg is on the line segment ¢ as 6 € (0,1), and
2o — x| = 2
7o — X|| = =.
0 2
This implies that zg € B and thus
f(x) < f(z0). (9)

Combining with the convexity of f, we have

f(x) < f(z0) <O0f(x)+ (1 -0)f(y).

By moving 6f(x) to the LHS, and dividing both sides by (1 — ), we can see that the
inequality (8) holds. This completes the proof. ]

Proposition 8. Suppose that the problem (5) is a convex optimization problem and solvable.
Then, if f is strictly convex, the problem (5) has a unique global optimum.

Proposition 9. Suppose that the problem (5) is a convex optimization problem. If f is
strongly convexr and continuous over its domain, and the feasible set is closed, then the
problem (5) is solvable and has a unique global optimum.

Remark 5. In view of Propositions 8 and 9, the problem in (5) has a unique global optimum
if its objective function is strictly convex or strongly convex. However, the problem in (5)
with a strongly convex objective function has a remarkable advantage over that with a
strictly convex objective function, that is, the former is guaranteed to admit at least one
global optimum, while the latter is not even its feasible set is closed (why?).

Definition 11. If x is feasible, and g;(x) = 0, we say the i*" inequality constraint g;(x) < 0
is active at x; otherwise (g;(x) < 0), we say the constraint g;(x) < 0 is inactive at x.
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