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Lecture 03. Bayesian Linear Regression

Lecturer: Jie Wang Date: Sep 22, 2021

The major reference of this lecture is [1].

1 Introduction

We have studied the linear regression from the perspectives of least squares and maximum like-
lihood. In this lecture, we shall study linear regression from a quite different approach, that is,
Bayesian linear regression.

2 The Problem Settings

Regression aims at predicting the value of one or more continuous target variables Y given a set
of observed (input/control) variables X ∈ RD.

Linear regression is to model the relation between the input features X ∈ RD and its corre-
sponding response Y ∈ R by a linear model:

Y = f(X;w) = w0 + w1X1 + w2X2 + . . .+ wDXD + ϵ, (1)

where X = (X1, X2, . . . , XD)
⊤, w = (w0, w1, . . . , wD)

⊤ ∈ RD+1, and

ϵ ∼ N (0, σ2). (2)

To simplify the model in (1), we can introduce a dummy variable X0 = 1 and define X̄ =
(X0, X1, X2, . . . , XD)

⊤ = (1, X1, X2, . . . , XD)
⊤. Then, the model in (1) becomes

Y = f(X;w) = w⊤X̄. (3)

We would use the training data D = {(xi, yi)}Ni=1 to find appropriate values for w.

Lemma 1. Suppose that the involved matrices are invertible. Then,(
A B
C D

)−1

=

(
M −MBD−1

−D−1CM D−1CMBD−1

)
,

where

M = (A−BD−1C)−1.

Lemma 2. When all inverses exist,

(A+BCD)−1 = A−1 −A−1B(C−1 +DA−1B)−1DA−1.
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3 Posterior Distribution

Suppose that, the model parameter w has a Gaussian prior of the form

p(w) = N (w|µ0,Σ0) =
1

(2π)(D+1)/2

1

|Σ0|1/2
exp

{
−1

2
(w − µ0)

⊤Σ−1
0 (w − µ0)

}
. (4)

Then, given a set of input data instances {xi}ni=1, the joint distribution of the corresponding target
variables is a Gaussian

p(y|w,X) = N (y|Xw, σ2I) =
1

(2π)N/2

1

|σ2I|1/2
exp

{
−1

2
(y −Xw)⊤(σ2I)−1(y −Xw)

}
. (5)

We would like to find the posterior distribution p(w|X,y). To do so, we first find the joint distri-
bution of w and y, and then the conditional distribution of w given X and y.

Remark 1. As the input data instances are given (observed), we shall treat them as constants.
Thus, to simplify notations, we will denote the conditional distribution p(y|w,X) by p(y|w).

3.1 Joint distribution

We first find the joint distribution over w and y. Let

z =

(
w
y

)
. (6)

The log of the joint distribution is

ln p(z) = ln p(w) + ln p(y|w)

=− 1

2
(w − µ0)

⊤Σ−1
0 (w − µ0)

− 1

2
(y −Xw)⊤(σ2I)−1(y −Xw) + const, (7)

where “const” denotes terms that are independent of w and y. Eq. (7) shows that, the log of
the joint distribution over z is a quadratic function of z. Thus, the joint random variable z has a
Gaussian distribution.

To find E[z] and Cov[z], we write the first two terms on the RHS of Eq. (7) in the form of

−1

2
(z− µz)

⊤(Σz)
−1(z− µz) = −1

2
z⊤(Σz)

−1z+ z⊤(Σz)
−1µz −

1

2
(µz)

⊤(Σz)
−1µz. (8)

The second and first order terms in Eq. (7) are

− 1

2
w⊤Σ−1

0 w − 1

2
y⊤(σ2I)−1y − 1

2
w⊤X⊤(σ2I)−1Xw +

1

2
y⊤(σ2I)−1Xw +

1

2
w⊤X⊤(σ2I)−1y

=− 1

2
w⊤

(
Σ−1

0 +X⊤(σ2I)−1X
)
w − 1

2
y⊤(σ2I)−1y +

1

2
y⊤(σ2I)−1Xw +

1

2
w⊤X⊤(σ2I)−1y

=− 1

2

(
w
y

)⊤(
Σ−1

0 +X⊤(σ2I)−1X −X⊤(σ2I)−1

−(σ2I)−1X (σ2I)−1

)(
w
y

)
, (9)

and

w⊤Σ−1
0 µ0 =

(
w
y

)⊤(
Σ−1

0 µ0

0

)
, (10)
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respectively.
Comparing Eq. (9) and Eq. (10) with the second and first order terms in Eq. (8), we have

(Σz)
−1 =

(
Σ−1

0 +X⊤(σ2I)−1X −X⊤(σ2I)−1

−(σ2I)−1X (σ2I)−1

)
⇒ Σz =

(
Σ0 Σ0X

⊤

XΣ0 σ2I+XΣ0X
⊤

)
(11)

and

(Σz)
−1µz =

(
Σ−1

0 µ0

0

)
⇒ µz = Σz

(
Σ−1

0 µ0

0

)
=

(
µ0

Xµ0

)
. (12)

Moreover, it is easy to check that

(µz)
⊤(Σz)

−1µz = (µ0)
⊤Σ−1

0 µ0. (13)

Therefore, we can rewrite the first two terms on the RHS of Eq. (7) in the form of Eq. (8) with z,
Σz, and µz defined by Eq. (6), Eq. (11), and Eq. (12), respectively. This shows that

Cov[z] =Σz, (14)

E[z] =µz. (15)

3.2 Inverse of partitioned matrix

To simplify notations, we denote the covariance matrix Σz and the precision matrix Λz = Σ−1
z by

Σz =

(
Σww Σwy

Σyw Σyy

)
=

(
Σ0 Σ0X

⊤

XΣ0 σ2I+XΣ0X
⊤

)
(16)

and

Λz =

(
Λww Λwy

Λyw Λyy

)
=

(
Σ−1

0 +X⊤(σ2I)−1X −X⊤(σ2I)−1

−(σ2I)−1X (σ2I)−1

)
. (17)

Lemma 1 leads to some interesting properties. For example, let Σww, Σwy, Σyw, and Σyy be
the matrices A, B, C, and D, respectively. Then

Λww =Σ−1
0 +X⊤(σ2I)−1X

=(Σww −ΣwyΣ
−1
yyΣyw)

−1

=(Σ0 − (Σ0X
⊤(σ2I+XΣ0X

⊤)−1XΣ0)
−1. (18)

Λwy =−X⊤(σ2I)−1

=− (Σww −ΣwyΣ
−1
yyΣyw)

−1ΣwyΣyy
−1. (19)

3.3 Marginal distribution

In view of Eq. (14) and Eq. (15), we can see that

E[y] =Xµ0, (20)

Cov[y] =σ2I+XΣ0X
⊤. (21)

To simplify notations, let µy = E[y] and Σy = Cov[y].
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3.4 Conditional distribution

Our goal is to find the posterior distribution of the model parameter w, which is the conditional
distribution of w given y. Notice that

ln p(z) = ln p(w|y) + ln p(y)

=− 1

2
(w − µw|y)

⊤Σ−1
w|y(w − µw|y)

− 1

2
(y − µy)

⊤Σ−1
y (y − µy) + const. (22)

In view of Eq. (8), Eq. (14), Eq. (15), and Eq. (6), we have

ln p(z) =− 1

2

((
w
y

)
−
(
µ0

µy

))⊤(
Λww Λwy

Λyw Λyy

)((
w
y

)
−
(
µ0

µy

))
+ const

=− 1

2
(w − µ0)

⊤Λww(w − µ0)

− 1

2
(w − µ0)

⊤Λwy(y − µy)

− 1

2
(y − µy)

⊤Λyw(w − µ0)

− 1

2
(y − µy)

⊤Λyy(y − µy) + const. (23)

The only quadratic term of w in Eq. (23) is

−1

2
w⊤Λwww.

In view of Eq. (22), we have

Σ−1
w|y = Λww = Σ−1

0 +X⊤(σ2I)−1X,

which leads to

Σw|y = (Σ−1
0 +X⊤(σ2I)−1X)−1 = Σ0 −Σ0X

⊤(σ2I+XΣ0X
⊤)−1XΣ0. (24)

Similarly, the linear terms of w in Eq. (23) is

w⊤ {Λwwµ0 −Λwy(y − µy)} .

Moreover, as the linear terms of w in Eq. (22) is

w⊤Σ−1
w|yµw|y,

we have

µw|y =Σw|y {Λwwµ0 −Λwy(y − µy)}
=Λ−1

ww {Λwwµ0 −Λwy(y − µy)}
=µ0 −Λ−1

wwΛwy(y − µy)

=µ0 +ΣwyΣ
−1
yy(y − µy)

=µ0 +Σ0X
⊤(σ2I+XΣ0X

⊤)−1(y − µy)

=µ0 +Σ0X
⊤(σ2I+XΣ0X

⊤)−1(y −Xµ0). (25)
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Notice that, the covariance matrix Σw|y and the expectation µw|y depend on the data set D =

{(xi, yi)}Ni=1 with N data instances. Thus, we denote Σw|y and µw|y by

ΣN = (Σ−1
0 + βX⊤X)−1, (26)

and

µN = ΣN {Λwwµ0 −Λwy(y −Xµ0)} = ΣN (Σ−1
0 µ0 + βX⊤y), (27)

with β = 1/σ2, respectively.
All together, the posterior distribution of w given y (after observing D = {(xi, yi)}Ni=1) is

p(w|y) = N (w|µN ,ΣN ) (28)

with µN and ΣN given by Eq. (27) and Eq. (26), respectively.

4 Maximum a Posterior

Suppose that µ0 = 0 and Σ0 = I/α. Then

ΣN =(αI+ βX⊤X)−1 (29)

µN =βΣNX⊤y. (30)

The log of the posterior distribution is

ln p(w|y) = −β

2
∥y −Xw∥2 − α

2
∥w∥2 + const (31)

Maximization of this posterior distribution leads to the same solution by quadratic regularized least
squares.
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