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Notice, to get the full credits, please present your solutions step by step.

Exercise 1: Convex Functions

1. (Optional) For each of the following functions, determine whether it is convex.

(a) f(x) = x2 log x on R++, where R++ = {x ∈ R : x > 0}.
(b) f(x1, x2) = x1x2 on R2.

(c) f(x1, x2) =
x1
x2

on R2
++, where R2

++ = {(x1, x2) ∈ R2 : x1, x2 > 0}.

(d) f(x1, x2) =
x2
1

x2
on R× R++.

(e) f(x1, x2) = xα1x
1−α
2 on R2

++, where 0 ≤ α ≤ 1.

2. Please show that the following functions are convex.

(a) f(x) = log
∑n

i=1 e
xi on dom f = Rn, where xi denotes the ith component of x.

(b) f(x) =
∑k

i=1 x[i] on dom f = Rn, where 1 ≤ k ≤ n and x[i] denotes the ith

largest component of x.

(c) The extended-value extension of the indicator function of a convex set C ⊆ Rn,
i.e.,

Ĩc(x) =

{
0, x ∈ C,

∞, x /∈ C.

(d) The negative entropy, i.e.,

f(p) =
n∑

i=1

pi log pi

on dom f = {p ∈ Rn : 0 < pi ≤ 1,
∑n

i=1 pi = 1}, where pi denotes the ith

component of p.

(e) The spectral norm, i.e.,

f(X) = ∥X∥2 = σmax(X)

on dom f = Rm×n, where σmax denotes the largest singular value of X.

(f) f(X) = tr(X−1) on dom f = Sn++, where Sn++ is the space of all n × n real
positive definite matrices.

3. Please show that a continuously differentiable function f is strongly convex with
parameter µ > 0 if and only if

f(y) ≥ f(x) + ⟨∇f(x),y − x⟩+ µ

2
∥y − x∥22, ∀x,y ∈ Rn.
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4. Suppose that f is twice continuously differentiable and strongly convex with parameter
µ > 0. Please show that µ ≤ λmin(∇2f(x)) for any x ∈ Rn, where λmin(∇2f(x)) is
the smallest eigenvalue of ∇2f(x).

5. Suppose that f : Rn → R is twice continuously differentiable, and the gradient of f is
Lipschitz continuous, i.e.,

∥∇f(x)−∇f(y)∥2 ≤ L∥x− y∥2, ∀x,y ∈ Rn,

where L > 0 is the Lipschitz constant. Please show that λmax(∇2f(x)) ≤ L for any
x ∈ Rn, where λmax(∇2f(x)) is the largest eigenvalue of ∇2f(x).

6. Consider the problem

min
x∈Rn

f(x), (1)

where f : Rn → R is continuously differentiable and convex, and dom f is closed.

(a) Please show that the α-sublevel set of f , i.e., Cα = {x ∈ dom f : f(x) ≤ α} is
closed.

(b) Please give an example to show that Problem (1) may be unsolvable even if f is
strictly convex.

(c) Suppose that f can attain its minimum. Please show that the optimal set C =
{y : f(y) = minx f(x)} is closed and convex. Does this property still hold if
dom f is not closed?

(d) Suppose that f is strongly convex with parameter µ > 0. Please show that
Problem (1) admits a unique solution.

Solution: ■
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Exercise 2: Operations that Preserve Convexity

1. (a) Let f : Rm → (−∞,+∞] be a given convex function, A ∈ Rm×n and b ∈ Rm.
Please show that

F (x) = f(Ax+ b), x ∈ Rn.

is convex.

(b) Let fi : Rn → (−∞,+∞] , i = 1, . . . ,m, be given convex functions. Please show
that

F (x) =
m∑
i=1

wifi(x)

is convex, where wi ≥ 0, i = 1, . . . ,m.

(c) Let fi : Rn → (−∞,+∞] be given convex functions for i ∈ I, where I is an
arbitrary index set. Please show that the supremum

F (x) = sup
i∈I

fi(x)

is convex.

2. (Optional) Let A ∈ Rn×m,x0 ∈ Rn. The restriction of f : Rn → R to the affine set
{Az+ x0|z ∈ Rm} is defined as the function F : Rm → R with

F (z) = f(Az+ x0)

on dom F = {z|Az+ x0 ∈ dom f}. Suppose f is twice differentiable with a convex
domain.

(a) Show that F is convex if and only if for all z ∈ dom F , we have

A⊤∇2f(Az+ x0)A ⪰ 0.

(b) Suppose B ∈ Rp×n is a matrix whose nullspace is equal to the range of A, i.e.,
AB = 0 and rank(B) = n−rank(A). Show that F is convex if for all z ∈ dom F ,
there exists a λ ∈ R such that

∇2f(Az+ x0) + λB⊤B ⪰ 0.

(Hint: you can use the result as follows. If C ∈ Sn and D ∈ Rp×n, then
x⊤Cx ≥ 0 for all x ∈ N (D) if there exists a λ such that C+ λD⊤D ⪰ 0.)

3. (Optional)

(a) Consider the function f(X) = λmax(X), with dom f = Sn, where λmax(X) is
the largest eigenvalue of X and Sn is the set of n × n real symmetric matrices.
Show that f is a convex function.
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(b) Let f : Rn → R be a convex function, with dom f = Rn. Show that it can be
represented as the pointwise supremum of a family of affine functions, i.e.,

f(x) = sup{g(x) : g is affine, g(z) ≤ f(z) for all z ∈ Rn}.

4. Suppose that the training set is {(xi, yi)}ni=1, where xi ∈ Rd is the ith data instance
and yi ∈ R is the corresponding label. Recall that Lasso is the regression problem:

min
w

1

2n
∥Xw − y∥22 + λ∥w∥1,

where X ∈ Rn×d with its ith row being x⊤
i , w ∈ Rd, and λ > 0 is the regularization

parameter. Show that the objective function in the above problem is convex.

Solution: ■
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Exercise 3: Subdifferentials

1. Calculation of subdifferentials.

(a) Let H ⊂ Rn be a hyperplane. The extended-value extension of its indicator
function IH is

ĨH(x) =

{
0, x ∈ H,

∞, x ̸∈ H.

Find ∂ĨH(x).

(b) Let f(x) = exp ∥x∥1, x ∈ Rn. Find ∂f(x).

(c) Let f(x) = max{0, x}, x ∈ R. Find ∂f(x).

(d) For x ∈ Rn, let x[i] be the i
th largest component of x. Find the subdifferential of

f(x) =
k∑

i=1

x[i].

(e) Let f(x) = max
1≤i≤n

xi, x ∈ Rn. Find ∂f(x).

(f) (Optional) Let

f(x) =

(
k∑

i=1

x2i

) 1
2

+

(
n∑

i=k+1

x2i

) 1
2

, x ∈ Rn,

where 1 ≤ k ≤ n− 1. Find ∂f(x).

(g) (Optional) Let f(X) = ∥X∥∗ be the trace norm of X ∈ Rm×n. Find ∂f(X).

2. In Example 5 of Lecture 08, we got two forms of ∂f(x) by two approaches. Please
show that they are the same, i.e., the following two sets are the same for ∀x ∈ Rn.

Ax = {y ∈ Rn : ⟨x,y⟩ = ∥x∥∞, ∥y∥1 ≤ 1}

Bx =

{
{y ∈ Rn : ∥y∥ ≤ 1}, x = 0,

{y ∈ Rn :
∑n

i=1 εiyi = 1, εiyi ≥ 0, yi = 0 if εi = 0}, x ̸= 0,

where εi is defined as

εi =


1, xi = ∥x∥∞,

0, |xi| < ∥x∥∞,

−1, xi = −∥x∥∞.

Solution: ■
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Exercise 4: Proximal Gradient

Consider the following convex optimization problem

min
x

F (x) (2)

s.t.x ∈ D

where F : Rn → R is a proper convex function and D ⊆ Rn is a nonempty convex set
with D ⊆ dom F . Suppose that the problem (2) is solvable, and we do not require the
differentiability of F .

1. If x ∈ int (dom F ) ∩D and there exists a g ∈ ∂F (x) such that

⟨g,y− x⟩ ≥ 0, ∀y ∈ D,

show that x is optimal.

2. (Optional) If x ∈ int (dom F ) and x is optimal, show that x ∈ D and there exists a
g ∈ ∂F (x) such that

⟨g,y− x⟩ ≥ 0, ∀y ∈ D.

3. Please give an example to show that ∂F (x) can be empty.

4. If x∗ is an interior point of D, show that

x∗ ∈ argmin
x∈D

F (x)⇔ 0 ∈ ∂F (x∗).

You can use the conclusion of Problems 1 and 2.

In many cases, the function F can be decomposed into F = f + g, where g : Rn → R is
a continuous convex function, and f : Rn → R is a convex and continuously differentiable
function, whose gradient is Lipschitz continuous with the constant L. We can use ISTA,
which has been introduced in Lecture 08, to find min

x∈Rn
F (x).

5. For a given point xc, we consider the following quadratic approximation of F :

Q(x;xc) = f(xc) + ⟨∇f(xc),x− xc⟩+
L

2
∥x− xc∥2 + g(x).

Please show that it always admits a unique minimizer

p(xc) =argmin
x∈Rn

Q(x;xc).

6. (Optional) We can think of the update step of ISTA, i.e., x+ = p(x), as two steps:

(a) Take a step in the opposite direction of the gradient of f at x, i.e.,

z = x− 1

L
∇f(x).
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(b) Project z on some set C, i.e.,

x+ = p(x) = ΠC(x).

Find the set C. Is it closed, open or neither? Is it convex or not?

7. Consider the Lasso problem

min
w∈Rn

1

n
∥y−Xw∥22 + λ∥w∥1.

Suppose that ŵ solves the problem. Write down the optimality condition at ŵ.

8. If we use ISTA to solve the Lasso problem, show that

w+
i =


zi +

λ

L
, if zi < −

λ

L
,

0, if |zi| ≤
λ

L
,

zi −
λ

L
, if zi >

λ

L
,

where z = wk −
2

Ln
X⊤(Xwk − y).

9. (Optional) Consider the convex optimization problem

min
x∈Rn

f(x) + ĨD(x), (3)

where D ⊆ Rn is a closed convex set and ĨD(x) is the extended-value extension of its
indicator function ID(x).

(a) Write down the optimality condition and the proximal operator of Problem (3).

(b) Find the relationship between (3) and the constrained optimization problem

min
x∈D

f(x).

10. (Optional) Write down the proximal operator of the following convex optimization
problems.

(a)

min
w∈Rn

1

n
∥y−Xw∥22 + λ1∥w∥1 + λ2IRn

+
(w),

(b)

min
w∈Rn

1

n
∥y−Xw∥22 + λ

( k∑
i=1

x2i

) 1
2

+

(
n∑

i=k+1

x2i

) 1
2

 .
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Solution: ■
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Exercise 5: Projected Gradient Descent (Optional)

Consider the following problem

min
x∈D

f(x), (4)

where f : Rn → R is proper, continuously differentiable and strongly convex with convexity
parameter µ > 0. We assume that the gradient of f is Lipschitz with a constant L > 0.

A commonly used approach to solve the constrained optimization problem (4) is the
so-called projected gradient descent, in which each iteration improves the current estimation
xk of the optimum by

xk+1 = ΠD(xk − α∇f(xk)),

where α > 0 is the step size.

1. Show that

f(y) ≥ f(x)− 1

2µ
∥∇f(x)∥22, ∀x,y ∈ D.

2. Consider the problem (4) and the sequence generated by the projected gradient descent
algorithm. Suppose that x∗ is the solution to the problem (4).

(a) Find the range of α such that the function values f(xk) converge linearly to
f(x∗).

(b) When does the (projected) gradient descent always achieve the optimal solution
in one iteration wherever the intial point x0 is?

Solution: ■
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Exercise 6: [1] ISTA with Backtracking

Suppose that we would like to apply ISTA to solve the convex optimization problem

min
x∈Rn

F (x) = f(x) + g(x), (5)

where g : Rn → R is a continuous convex function, and f : Rn → R is a convex and contin-
uously differentiable function, whose gradient is Lipschitz continuous with the constant L.
We assume that Problem (5) is solvable, i.e., there exists x∗ such that

F (x∗) = F ∗ = min
x∈Rn

F (x).

In practice, however, a possible drawback of ISTA is that the Lipschitz constant L is not
always known or computable. For instance, if f(x) = ∥Ax−b∥22, the Lipschitz constant for
∇f depends on λmax(A

⊤A), which is not always easily computable for large-scale problems.
To tackle this problem, we always equip ISTA with the backtracking stepsize rule as shown
in Algorithm 1.

Note that in Algorithm 1, QL and pL are defined as

QL(x;xc) = f(xc) + ⟨∇f(xc),x− xc⟩+
L

2
∥x− xc∥22 + g(x)

pL(xc) = argmin
x∈Rn

QL(x;xc).

Algorithm 1 ISTA with Backtracking

1: Input: An initial point x0, an initial constant L0 > 0, a threshold η > 1, and k = 1.
2: while the termination condition does not hold do
3: Find the smallest non-negative integer ik such that with L̃ = ηikLk−1

F (pL̃(xk−1)) ≤ QL̃(pL̃(xk−1);xk−1). (6)

4: Lk ← ηikLk−1, xk ← pLk
(xk−1),

5: k ← k + 1,
6: end while

1. Show that the sequence {F (xk)} produced by Algorithm 1 is non-increasing.

2. Show that Inequality (6) is satisfied for any L̃ ≥ L, where L is the Lipschitz constant
of ∇f , thus showing that for Algorithm 1 one has Lk ≤ ηL for every k ≥ 1.

3. Let {xk} be the sequence generated by Algorithm 1. Show that for any k ≥ 1 we have

F (xk)− F (x∗) ≤ ηL∥x0 − x∗∥22
2k

, ∀x∗ ∈ argmin
x∈Rn

F (x).
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The above result means that the number of iterations of Algorithm 1 required to
obtain an ε-optimal solution, i.e., an x̂ such that F (x̂)− F (x∗) ≤ ε, is at most⌈

ηL∥x0 − x∗∥22
2ε

⌉
.

Solution: ■
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Exercise 7: Programming Exercise: Handwritten Digits Recognition

MNIST is a widely used data set—which consists of grey images of handwritten digits—in
machine learning and pattern recognition. The training set and the testing set have 60000
and 10000 images, respectively. We show ten images in MNIST in Figure (a).

In this exercise, we would like to predict the label of a given handwritten image. Notice
that, the labels of the images in the training set come for granted. For example, given an
image from the training set with a handwritten digit “7” in it, we know the number (the
label) in the image is 7. Our task is to predict the number in a handwritten image outside
of the training set.

To do so, we first transform the 28 × 28 gray images in the training set into a set of
784-dimensional column vectors, and then we put them together to construct the input
feature matrix X ∈ Rn×d, where n = 784 and d = 60000. We also provide you labels of
all images in the training set. Then, we randomly choose an image in the testing set and
transform it into a column vector in the same way as the corresponding response vector
y ∈ Rn. We show this image in Figure (b).

To predict the label of the response vector, we use Lasso to fit this data. Please follow
the instructions step by step. You can use your favorite programming language.

(a) Ten images in the training set. (b) The image we choose
from the testing set.

1. We first normalize the data matrix X and the response vector y, such that each entries
are within [0, 1]. Specifically, let

Z = X/255,h = y/255.

Then, Lasso takes the form of

min
u

F (u) =
1

n
∥h− Zu∥22 + λ∥u∥1, (7)

where u ∈ Rd. Let f(u) = 1
n∥ h− Zu∥22 and g(u) = λ∥u∥1.

2. Please find the Lipschitz constants of∇f(u) and write down the corresponding quadratic
approximation function of F (u).

3. From 0.002 to 0.2, uniformly pick out 100 different λs and then implement the ISTA
algorithm in Exercise 6 to solve Problem (7), with different λs. Terminate the
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iteration after 2000 steps and denote the u2000 by u′. Please plot scatter diagrams of
f(u′) versus λ, g(u′) versus λ and F (u′) versus λ, respectively. Besides, please plot a
scatter diagram of the ration of nonzero elements in u′ versus λ.

4. Please explain the practical meaning of the zero elements and nonzero elements in u′

and give your prediction about the digit in y using our provided labels.

5. (Optional) There exists a threshold value, which satisfies that if λ exceeds this value,
u′ = 0. Please find this threshold in theory.

Solution: ■
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