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1 Preliminary

1.1 Singular Value Decomposition

Definition 1. A set of vectors {v;}?_, in R? are called orthonormal if

(viovs) = {1’ o

0, otherwise.
A matrix M € R¥9 is orthogonal if
MM =1,
where I € R%? is the identity matrix.

Theorem 1. Given a matriz A € R™* ™. Suppose that rank(A) = r. Then, there exists

n right singular vectors vi,...,vy that are orthogonal in R™, and m left singular vectors
ui, ..., U, that are orthogonal in R™, such that
AVZ‘ =0o;U;, iIl,...,T‘, (1)
Av, =0,i=r+1,...,n, (2)
where 01 > 09 > ... > o, > 0 are the r positive singular values.
Remark 1.
1. The last n — r right singular vectors v;, ¢ = r + 1,...,n, span the null space of A.
The last m — r left singular vectors u;, i =7+ 1,...,m, span the null space of A".

2. Let V.=(vi,...,Vp,...,vp), U= (u1,...,up,...,uy), and

cr 0 -~ 0 O ... O
0 o -+ 0 0 ... 0
X=]10 0 or O 0
0 0 0 0 0
0 0 0 0 0
We can write Eq. (1) as
AV =UX.

3. The singular value decomposition of A is

A=UxV".
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4. The singular value decomposition of A can be written as a sum of r rank 1 matrix:

A=UxV' = Ululvir + UquV;r 4+ ...+ orurv;r.

5. Let V. = (v1,va,...,v,), U, = (ug,us,...,u,), and
0 0—2 “ .. O

E'r == . . . .

0 O oy

The reduced form of the SVD of A4 is

A=U>3,V,".
1.2 Random Vectors
A random vector X takes the form of
X1
X = :
X4
The mean of X is
11 E(X7)
p=1:1=1 i | (3)
thd E(Xaq)

The covariance matrix X, also written as V(X), is

V(Xl) COV(Xl,XQ) COV(Xl,Xd)
COV(XQ,Xl) V(XQ) tee COV(XQ,Xd)
Cov(Xq,X1) Cov(Xg, X2) - V(Xa)

Suppose that we randomly sample n data instances:

Ti1
X; = Coli=1.00n. (4)
Tid
The sample mean is
(™) Z”
X = . = — Xia
_ n—
Z4 i=1

which implies that
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The sample variance matrix S € R4 is

S1,1 S1,2 0 S1d
T
Sd,1 Sd2 - Sdd
where
1 < ) )
Sik = T ;(Jﬂm = Zj)(Tik — Tk)-

By simple algebraic manipulation, we can see that

L3 s -3 - 3)T = XK, ®)

i=1

S =

n—1

where X € R¥™" and its i column is x; — X.

2 Principle Component Analysis

The core idea of PCA is that, we would like to project the data instances into a subspace
such that the set of projected data instances preserves as much information as possible.

2.1 The formulation

Suppose that we have a set of data instances x; € R%, i = 1,...,n. Let g € R%, k =
1,..., K, with K <d, be a set of vectors such that

1847 = 0, otherwise,
and
G: (gla”'ugK)-

Then, the projection of the x; into the subspace spanned by {gi,...,gx}, that is, the
column space of G, is

Z; — Pg(Xi) = GGTXZ'. (6)

We use the sample variance to measure the information carried by the data instances. Thus,
the information preserved by the projected data instances is

where
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By plugging Eq. (6) into Eq. (7), we have

n-
=1 =1

where

1 n

X =— X;.
n -
=1
Thus, the problem becomes
T T212
max - — Z GG x; — GGTx|?, (8)
st.G'G = I.

Notice that

L T2 1 . Tlw. 3 Tiw.
x; — GG x| ——n_IZ:@G (x; — %), GG (x; — X))

- ! > i = %) GGTGG (x; %)
=1

== ! > i = %) GG (xi — %)
i=1

n_IZtr( —XTGGT( i))
(GT P — %) (xi —x)TG)

=1tr (GT (n i 1 Z(Xz - X)(x; — )_()T> G)

—tr (GTSG) .

Thus, the problem in (8) becomes

tr(GTSG 9
lax,tr( ); 9)

st.G'G =1.

2.2 Solution to problem (9)
Recall from Eq. (5) that
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Denote the SVD of X by
X=vuxv'

Thus,
1

n—1

S = Uxiu’. (10)

Plugging Eq. (10) into the problem in (9) leads to

max tr(G'UXUTQG), (11)
GERdXK
s.t.G'G=1.
Denote
Q=U'G. (12)
We can see that
QIQ=1
Thus, the problem in (11) reduces to
tr(QT22Q), 13
olax 1@ X°Q) (13)
st.Q'Q=1.

We can see that

K d d K
W@ -3 S -3 (zqz,j) |
j=1 k=1

k=1 j=1

Denote

K
@ = Zqij- (14)
k=1

We can see that

aje0,1,5=1,...,d,
d

Zaj =K.

j=1

Thus, we can further transform the problem (13) to

d

2

max E o0 15

acRd 4 i A ( )
j:

st.a; €1[0,1], 5=1,...,d,

d
Zaj =K.
j=1
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We can solve the above problem by the Lagrange multiplier method.

provide an alternative approach. Let

d
fla) = Z ajajz.
j=1

Recall that we arrange the singular values in decending order, that is,

o1 >09>...>204>0.
As Z;l:l a; = K, we have

d K
Z aj:K_Zaj~
j=1

j=K+1

Thus, for any « that is feasible with respect to problem (15)

K d
2 2
flo) = e+ Y ap’
j=1 j=K+1
K d
2
ST Y S
j=1 j=K+1
K K
_ 2 K 2
= Oé]Uj + — Oé] O-K—f—I
J=1 J=1
K K
_ o2+ 1— 2
= Q50 ( aj) | oK1
Jj=1 Jj=1
K K
2 2
SZO‘JUJ + E (1 —aj)o;
Jj=1 Jj=1
K
_ 2
—Z(’j
Jj=1
sk
_f a )7

where o* = (of, ..., a}) with

. 1,7=1,...,K,
0,j=K+1,....d

However, we

(16)

Moreover, it is easy to see that o™ is feasible. Thus, the vector a* is the optimal solution

to problem (15).
We denote the optimal solution to problem (13) by

Q" =(aj;---,ak)-
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In view of Eq. (14) and Eq. (16), we can see that the last d — K entries of q; are 0 for

all j=1,..., K, that is
*=(9) .
dx K

@* c REXK ond (@*)T@* - I

where

Thus, by Eq. (12), we have
G =UQ" = (uy,...,ug)Q" (17)

That is, the optimal solution G* to problem (9) is the matrix which shares the same column
subspace spanned by the K left singular vectors of X corresponding to its first K largest
singular values.

2.3 Principle components

Notice that, @* in Eq. (17) is an arbitrary K x K orthogonal matrix. Although G* is a
solution to problem (9) for any orthogonal matrix @*, the column vectors are not necessarily
the so-called principle component vectors of the sampled data {x;}I" .

The column vectors of G* are the principle component vectors of the data {x;}! ; only
if Q* = I, that is

G* = (ul,...,uK),

and {u; }]K:1 are the first K principle component vectors.

Remark 2. Commonly seen approach to derive the principle component vectors is to first
set K =1 and solve the problem in (9). By the same approach in the last section, we can
get the first principle component vector as u;. Then, we fix u; and solve the problem in
(9) by setting K = 2. We can get the second principle component vector ug. Repeating
this procedure, we can get the first K principle component vectors.
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